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K^ ' Abstract 

CN . In this paper we consider the hnear ordinary equation of the second order 

(N 



£x{t) = x{t) + a{t)±{t) + b{t)xit) = f{t), (0.1) 

and the corresponding homogeneous equation 

x{t) + a{t)x{t) + b{t)x{t) = 0. (0.2) 



/\ • Note that [a, (3] is cahed a nonoscillation interval if every nontrivial solution has at most 

j^ . one zero on this interval. Many investigations which seem to have no connection such 

as differential inequalities, the Polia-Mammana decomposition (i.e. representation of 
the operator £ in the form of products of the first order differential operators), unique 
solvability of the interpolation problems, kernels oscillation, separation of zeros, zones 
of Lyapunov's stability and some others have a certain common basis - nonoscillation. 
Presumably Sturm was the first to consider the two problems which naturally appear 
here: to develop corollaries of nonoscillation and to find methods to check nonoscilla- 
tion. In this paper we obtain several tests for nonoscillation on the semiaxis and apply 
them to propose new results on asymptotic properties and the exponential stability 
of the second order equation (0.2). Using the Floquet representations and upper and 
lower estimates of nonoscillation intervals of oscillatory solutions we deduce results on 
the exponential and Lyapunov's stability and instability of equation (0.2). 



Keywords and Phrases: ordinary differential equations, nonoscillation interval, ex- 
ponential stability, boundary value problems, Caucliy function. Green's function, Floquet 
theory. 
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1 Introduction 

This paper deals with the equation 

x{t) + a{t)x{t) + b{t)x{t) = /(t), t G [0, uj], (1.1) 

with locally sunimable coefficients a, b, /, which together with nonlinear equation 

x{t)=g{t,x{t),x{t)), te[0,uj], (1.2) 

continue to attract attention of many mathematicians due to their significance in applica- 
tions. In this paper we obtain two group of results: on nonoscillation and on exponential 
stability. To obtain stability results we will use nonoscillatory equations as the so-called 
model equations for the left or right regularization and then use the classical Bohl-Perron 
theorem [HI [18]. Another approach to stability study for periodic equations in the present 
paper is based on lower and upper estimates of the distance between two adjacent zeros 
(i.e., of nonoscillation intervals) for nontrivial solutions of homogeneous equations. The 
foundations of this approach can be found in the work by Zhukovskii |40j, Krem |26] and 
Yakubovich [38]. Zones of Lyapunov's stability can be also studied on this basis. This 
explains why we connect the different areas together as well as the fact that actually our 
approach develops applications of the classical nonoscillation area. Note that we obtain new 
exponential stability conditions for equations with measurable coefficients. In most stability 
conditions it was assumed that b{t) =b> jIllEniESllMlES], b{t) > is a differentialble 
function [H [211 ISSl [211 [31] or some restrictions like slow varying coefficients [131 [13 [IB] were 
imposed. We consider here equation (11.11) without usual restrictions on parameters of the 
equations, the coefficients are even not required to be continuous. 

Let us describe nonoscillation in general in order to understand how the results of the 
present paper develop also many other topics. The nonoscillation area consists of many 
topics which seem to have no relevance to each others but they are deeply connected. 

The classical de la Vallee-Poussin theorem claims that existence of a positive function v 
such that v"{t) + p(t)v(t) < for t G [0,u] implies that [O,^^] is a nonoscillation interval. 
The idea of theorems on differential inequalities can be formulated as follows: under certain 
conditions solutions of inequalities are greater or less than the solution of the equation. The 
idea to construct an approximate integration method for the numerical solution of differential 
equations based on the comparison of solutions of equations and inequalities first appeared 
in the works of famous Russian mathematician Chaplygin [9] and later was developed by 
other famous Russian mathematician Luzin [22]. Concerning our object we can formulate 
the differential inequality theorem in the form: under certain conditions the inequalities 

{£y){t) > {£x){t), t G [0,uj], y{0) > x(0), y\0) > x'{0) (1.3) 



imply y{t) > x(t) for t G [0,uj]. 

Independly Azbelev [I], Beckenbach, Bellman [B] and Wilkins ^7\ established that (11.31) 
can be applied in a nonoscillation interval [0, u] only. The general solution of equation (11. II) 
has the following representation 

x{t) = [ C{t, s)f{s)ds + xi{t)xo + X2(t)xo, (1.4) 

JO 

where xi and X2 are the solutions of the homogeneous equation 

£x{t) = x{t) + a{t)x{t) + b{t)x{t) = 0, t G [0, w], (1.5) 

satisfying the initial conditions Xi(0) = 1, a;'^(0) = and 0:2(0) = 0, ^2(0) = 1, respectively, 
Xq and Xq are corresponding constants. The kernel C{t, s) of the integral in solution's rep- 
resentation (II. 4p is called the Cauchy function oi equation (II. ip . The fundamental function 
X{t, s) of (ll.ip is defined as follows: X{t, s) for each fixed s > as a function of t satisfies 

x{t) + a{t)x{t) + h{t)x{t) = 0, t G [s, u], (1.6) 

x{s) = 0, x'{s) = 1. (1.7) 

For equation (II. ip the Cauchy function and the fundamental function X(t,s) coincide [5]. 
We assume that X{t, s) = C{t, s) = for < t < s. 

If the solution of the initial value problem {£x){t) = 0, x(0) = 0, x'(0) = 1 does not 
vanish at the point t = u , then the boundary value problem 

£x{t) = x{t) + a{t)x{t) + h{t)x{t) = f{t), t G [0, lj],x{0) = 0, x{uj) = 0, (1.8) 

is uniquely solvable and its solution has the representation 

x{t) = rG{t,s)f{s)ds, (1.9) 



where the kernel of the integral representation G{t, s) is called the Green's function of the 
problem (II. 8p . Differential inequality theorems are actually results on positivity or negativity 
of corresponding Green's functions. 

The equivalence of nonoscillation and the unique solvability of the interpolation problems 

£x{t) = x{t) + a{t)x{t) + b{t)x{t) = fit), t G [0, u], 

x(ti) = 0, x{t2) = 0, < ii < t2 < w, ^ ' 

is obvious [27j. Let us say that the Green's function of problem (ll.lOp behaves regularly if 

G{t, s){t - ti)(t - t2) > 0, t, s G (0, u;), t ^ ti, t ^ t2. (1.11) 

It was first proven in [TU] that nonoscillation of the equation £x = on the interval [0, uj] is 
necessary and sufficient for the regular behavior of Green's functions of interpolation problem 
(ll.lOP (see also the well known paper by Levin 



Let us denote by C[o,(^] the space of continuous functions x : [0, cu] — > R with the norm 
||x|| = maxtg[o,^] \x{t)\ , and by D^q^^^ the hnear space of functions x : [0,c<j] — > R with 
absolute continuous derivatives. Let b(t) = b~^(t) — b~{t), where b~^(t) > 0, b~(t) > 0, and 

£ox{t) = x{t) + a{t)x{t) -b'{t)x(t) = 0, t G [0,cj]. (1.12) 

It was proven in [2] that the boundary value problem 

£Qx{t)=i{t) + a{t)x{t)~b'{t)x{t) = f{t), t G [0,cu],a;(0) = 0, x(cj) = 0, (1.13) 

is uniquely solvable and its Green's function 6*0(^5 s) is negative Go(^; s) < for t,s & (0, u). 
In the space C[o,a;] let us define the integral operator K : C[o,cj] — > C[o,a;] by the equahty 



{Kx){t) = - Go{t,s)b'^{s)x{s)ds. (1.14) 

Jo 

Note that the operator K actually maps C[o,c^] into -D[o,w] due to the properties of Green's 
function Go{t, s). Hence the equation x = Kx + g, where g{t) = Jq Go(^, s)f{s)ds, is equiv- 
alent to the boundary value problem (II. 8p . 

The above argument can be summarized in the form of the statement on six equivalences. 

Theorem A [2j. The following assertions are equivalent: 

1) there is v E -D[o,(^] such that v{t) > and {£v){t) < for t G [0, u;] and f (0) + ^(ci;) — 
fo {£v){t)dt > Q- 

2) C{t, s) >0 forO<s<t<uj; 

3) problem U.8\) has a unique solution for each summable f and G{t, s) < for t, s G 
(0,0;); 

4) each nontrivial solution of the homogeneous equation £x = has at most one zero on 
[0,^]; 

5) the spectral radius of the operator K : C[o,lj] -^ ^[gM is less than one; 

6) problem U.10\) has a unique solution for each summable f and its Green's function 
behaves regularly for t,s G (0, tu). 



The Polia-Mammana decomposition ^U\ [32] is a possibility for representation of the 
operator £ : -D[o,w] -^ -^[o,^] in the form of products of the first order differential operators 

£ = ^2-77/^13-/^0, (1-15) 

dt dt 

where the real valued functions hi do not have zeros and are smooth enough. This decompo- 
sition is possible if and only if [0, u] is a nonoscillation interval. In particular, representation 
(ll.lSp allows us to obtain the generalized RoUe's theorem |27j: if the solution x of equation 
U.l\) has more than 3 zeros on the nonoscillation interval, then the function f has at least 
one zero on this interval. 

The theory of oscillatory kernels plays an important role in oscillation of mechanical 
systems fi^. The oscillatory kernel G{t, s) is characterized by the inequalities 

G{t,s) > 0, det |G'(tj,Sj)|" > 0, < ti < ... < t^ < cj, < Si < ... < s^ < cu, m = 1,2,... 

(1.16) 



while for tj = s, (1 = 1,2, , ...,m) the inequahty in fll.l6p has to be strict. In [H] it was 
demonstrated that actually the fact that the kernel is oscillatory means that the integral 
operator G : i^[o,tj] — *■ -D[o,tj] of the form {Gf)(t) = Jq G(t,s)f{s)ds does not increase the 
number of sign's changes. If we consider the integral operator, where the kernel G{t, s) is 
the Green's function of problem (11. 8p . then in this case the inverse operator £ : -D[o,i^] -^ 
-^[o,w] defined on the functions satisfying the conditions a;(0) = 0, x{uj) = should not 
decrease the number of sign's changes. Although a direct verification of an infinite number 
of inequalities (11.161) is possible only for very simple kernels and cannot be implemented in 
most interesting for applications cases, non-decreasing of the number of sign's changes for 
the integral operators with Green's functions as kernels can be checked through the Polia- 
Mammana decomposition and the generalized Rolle's theorem. This connection of oscillatory 
kernels and Polia-Mammana decomposition was discovered by M.G.Krem. 

Thus nonoscillation solves in many important cases the problem of checking oscillatory 
kernels. As a conclusion we note that each new nonoscillation result or test develops all 
these directions. 



2 Preliminaries 

Let us start with the following simple corollaries of Theorem A. Choosing v{t) = exp(At) in 
the first assertion of Theorem A, we obtain the following result. 

Corollary 1 // there exists such a real constant X such that 

X'^ + a{t)\ + b{t) <0, (2.1) 

then for each u assertion 2)-6) of Theorem A are true. If in addition h(t) > /3 > and 
this A < 0, then equation \1.1\) is exponentially stable (the fundamental function has an 
exponential estimate). 



Solving the equation 



A^ + a(t)A + 6(t) = 0, (2.2) 



for all t, we get Ai(t) = -^ - ^^ - h{t) and A2(t) = -^ + ^^-h{t). 

Corollary 2 [^ If for sufficiently large t > to there exist i/q, vi and V2 such that \\{f) and 
A2(t) are real functions and vq < Ai(t) < v\ < A2(t) < v^, where vq < v\ < v^, then the 
fundamental system of equation ( (i.ij) satisfies the inequalities 

Ciexp{vi-it) < Xiit) < diexp{vit), i = 1,2 {ci,di > 0; t > to). (2.3) 

// in addition z/2 < 0, then equation (CUP is exponentially stable. 



In order to study stability properties, we consider the scalar differential equation of the 
second order f 1 1.11) under the following conditions: 

(al) a{t), h{t) are Lebesgue measurable and essentially bounded functions on [0, oo). 

(a2) / : [to, cxd) — >• i? is a Lebesgue measurable locally essentially bounded function. 
Definition. Eq. (11. ip is (uniformly) exponentially stable, if the fundamental function X(t, s) 
of (11. II) has an exponential estimate if there exist positive numbers i^ > 0, A > 0, such that 

|X(t, s)\<K e-^^'-'\ t>s>0. (2.4) 

Consider the equation 

x{t) + ax{t) + hx{t) = 0, (2.5) 

where a > 0, 6 > are positive numbers. This equation is exponentially stable. Denote by 
Y{t, s) the fundamental function of (12. 5p . 

Lemma 1 Let a > 0,b > 0. 

2a 



1) If a^ > Ah then f \Yit,s)\ds <\, f' \Y'(t,s)\ds < 
Jo b Jo 



Va2 - Ab{a - Va^ - 46) 
* 4 z-*^,, ,,, 2(a+ V46-a2' 



2) If a' < 4b then f \Y{t,s)\ds < f \Y^{t,s)\ds< . 

Jo ayAb — a^ Jo ayAb — a^ 

3) If a^ = 4b then f' \Y{t,s)\ds < I, f' \Y^{t,s)\ds < ^. 

Jo b Jo y/b 

Proof. If a^ > 46 then the characteristic equation A^ + aA + 6 = has two negative roots 

-a ± y/a'^ - 46 
Ai,2 = , > Al > As. 

By simple calculation we have 

< Y(t, s) = , ^ (e^i(*-«) _ eA2(t-s)\ _ 

^ ' ' Jn-i -Ah V J 



Va^ - 46 



Since — e^^* < — e^^* then 
Al A2 



Jo ^ ' ^ - Va2-46 VA2 \J 6 
We have Yl{t,s) = ^^ (Aic^^^*-^) - Ase^^Ci-^)), Hence \Y^{t,s)\ < \hli±J^eX^{t~s) 

= , " e"^(*--) and [' \Y; jt, s)\ds < , ^"^ , 

Va^ - 46 io ' *^^' - Va^ - 46(a - yja^ - 46) 



If a^—Ab < 0, then the characteristic equation has two complex roots and the fundamental 
function has the form 



Hence \Y{t,s)\ < e-lit-^) ^^^ / \Y{t,s)\ds < — , The second inequality 

V46 — a^ JO ay/Ab — a^ 

in 2) is proven in a similar way as the second inequality in 1). 

If a^ = 46, then the characteristic equation has the double root A = — | and 

F(t,s) = (t-s)e-t(*-^). 

/■oo 4 1 

Since / se""^"*'^ = ~^ = t then the first inequahty in 3) holds. The second inequality in 3) 

JO a^ b 

is proven similarly to the previous cases. D 

Let us introduce some functional spaces on a semi-axis. Denote by Loo[to, cxd) the space 
of all essentially bounded on [to, oo) functions and by C[to, oo) the space of all continuous 
bounded on [to, oo) functions with the supremum norm. 

Lemma 2 \11\ [T8\ Suppose (al)-(a2) hold and there exists to > such that for every f G 
Loo [to, oo) both the solution x of the problem 

x{t) + a{t)x{t) + 6(t)a;(t) = /(t), t > to, 

x{t) =0,x(t) =0, t < to, 
and its derivative x belong to C[to,oo). Then equation M.l\) is exponentially stable. 

3 Integro-difFerential equation 

To obtain positiveness conditions for the fundamental function of equation (11.11) we consider 
first a similar problem for the following integro-differential equation 



y{ 



(t) + f\-^'s''^^^''^b{s)y{s)ds = 0, (3.1) 



for which we assume that condition (al) holds. 

Together with (11.81) we consider for each to > the initial value problem 



m+ e-L'^^^''^b{s)y{s)ds = f{t), (3.2) 

Jto 

y{h) = yo- (3.3) 

We assume that condition (a2) holds for the function /(t). 



Definition. A locally absolutely continuous on [to, C)o) function y : R ^ R is called a 
solution of problem (13.21) . (13.31) if it satisfies equation (13. 2p for almost every t G [to, oo), and 
equality (13.31) for t = to. 
Definition. For each s > the solution Y{t, s) of the problem 

y{t)+ f'e-l>^^^'^b{r)y{r)dr = 0, t>s, y{s) = 1, (3.4) 



is called a fundamental function of equation (13.11) . 
We assume Y{t, s) = 0,t < s. 

Lemma 3 [i^J Let (al)-(a2) hold. Then there exists one and only one solution of problem 
Ii3.^) . ^3.3\) that can be presented in the form 

y{t) = Y{t, to)yo + f Y{t, s)f{s)ds. (3.5) 

Jto 

Let us obtain conditions under which equation (13. ip has a positive solution. We remark 
that the theorem remains true if the zero initial point is replaced by any to > 0. 

In future we will apply the following result ([5], Theorem 1.2.1). Let i^[0,T] be the space 
of all integrable on [0, T] functions with the norm ||/|| = Jq \f{s)\ds. 

Lemma 4 [5\ Suppose that a function r{t, s) is measurable over the square [a, b] x [a, b], for 
almost every s the function r{t, s) as a function oft has finite one-sided limits at each point 
t and there exists a function v G -^[0,T] such that |r(-, s)\ < f (•). Then the integral operator 

{Ky){t)= f r{t,s)y{s)ds 

maps L[0, T] to L[0, T] and is a compact operator in this space. 

Theorem 1 Suppose a(t) > 0,b(t) > 0. Then the following conditions are equivalent for 
equation ^3.1\) . 

1) There exists a positive solution of the inequality 



ijit) + / e-^'s<^)H[s)y{s)ds < 0, t > 0. (3.6) 



ft 
/o 
2) There exists a locally essentially bounded function u{t) > such that 

rt 



u{t) > f e-/.*['^(«)-"(«)]''^6(s)(is, t > 0. (3.7) 

Jo 



3) Y{t,.s) >0,t > s> 0. 

4) There exists a positive solution of equation ( fi.gj) for t > 0. 



Proof. 1) =^ 2). Suppose y{t) > is a solution of (13.61) . Hence on any bounded interval 
y{t) > a > 0, then u{t) = j-^ > and is an essentially locally bounded function. We also 



have 



y{t) 



y{t) = y{0)e-lo ««)'^«, y{t) = -y{0)u{t)e- lo "(«)^«. 
Substituting y,y in (13.61) we have 

y{t)+ f\- ^s -(^^%(s)y{s)ds 
Jo 

= -y{0)u{t)e~ /o "(«)'^« + y{0) f e- ^l ''^^^''^b{s)e' ^'o "(^^'^^t/^ 



(0)e-/;«(5)K L(t) - re-/:["«)-"«)l'^«6(,)rf 



-j/(U)e Jo '^^'''^-'' u{t) - I e Js^-^"-' -'''"■^•^b{s)ds < 0. 

Hence u(t) > is a solution of inequality (13. 7p . 

2) =^ 3). Consider the nonhomogeneous equation (13.61) 

y{t) + fe-rs<^)'^h{s)y{s)ds = f{t), i/(0) = 0. 
Jo 

A solution of (13.81) will be sought in the form 

y{t) = f\~^s^^^^''^z{s)ds, y{t) = z{t)~u{t) re-/>(«)''«z(s)rfi 



soy{t)+u{t)y{t) = z{t),y{0) = 0. 

After substituting (13. 9p into (13. 8p we have 



z(t) - u(t) I e J^ 

10 



Sl<odi 



Z[S 



Since 



fs-^O^^his) re-r.<^)^iz[r)di 



ds 



t r rt 



Ps<^)'^h{s)e-^:<^^'^ds 



z{T)dT 



■/>«K 



then equation (13.101) can be rewritten as 



I>iO-uiOnj,^,^ds 



u{t)- f\- lM^^--^^^^'^b{s)d& 



Jo 
On every finite interval [0, T] equation (13. lip has the form 

z-Hz = f, te[0,T]. 



{3.t 



(3.9) 



)ds+ re-/>(«)''«6(s) r e-^>^^^^^z{T)dTds = f{t). (3.10) 
Jo Jo 



z{T)dT, 



z{T)dT = f{t). (3.11) 



(3.12) 



9 



Operator H : L[0,T] -^ L[0,T] is bounded. In order to show that this operator is compact 
we apply Lemma HI Operator H can be rewritten in the form H = PHi — H2, where 



{Pz){t)=u{t)z{t), {Hiz){t)= re~/>«)'^«2(r)dr, 



/o 



/>m f\-rMi)-(i))'i%s)d, 



z{T)dT. 



It is easy to see that for operators if 1, if 2 ah conditions of Lemma 5 hold. Then these 
operators are compact. Operator P is bounded operator, hence operator if is a compact 
Volterra integral operator with spectral radius r{T) = [M]. Hence for the solution of 
equation (13.121) we have z = {I — H)^^f, where I is the identity operator. 
Since 



u{t) - [\- ^s(^(^^-^(^^^'^^b{s)ds > u{t) - /*e-/^"(«)-"(«»'^«6(s)ds > 



then ii is a positive operator. Hence (i — H)~^ = 1 + H + H^ + H^ + ... is also a positive 
operator. 

Suppose now that in the equation (13.121) we have f{t) > 0. Then for the solution of (13.121) 
we have z{t) > 0. Equality (11.161) implies that for every right-hand side f{t) > the solution 
of equation (^ y{t) > 0. But y{t) = jQY{t,s)f{s)ds. Hence Y{t,s) > 0, < s < t < T. 
Since T > is an arbitrary number then Y{t, s)>0, 0<s<t< 00. We only have to prove 
that the strong inequality for Y{t, s) > holds. 

After substituting y{t) = e~-'o'^^^> ^ in the left-hand side of equation (13. Sp we see that 
this function is a solution of (13.81) with f{t) < 0. By the solution representation formula 
(13. sp we have 

y{t)=Y{t,0)+ fY{t,s)f\s)ds. 
Jo 

Hence F (t, 0) > y{t) > 0. The general case Y{t, s) > is considered similarly. 

Implications 3) ^^4) and 4)^^1) are evident. D 

Remark. Nonoscillation conditions for general integro-differential equations with a bounded 
memory were obtained in [7|. However, these results are not applicable to equation (13. ip . 
Nonoscillation results for integro-differential equation can also be found in (12j . 

4 Positive Solutions 

The following lemma gives a connection between equations (II. ip and (13.10 . 

Lemma 5 Denote by xi{t),X2{t) and X{t, s) the fundamental system and the fundamental 
function of U.l\) . respectively, by Y(t, s) the fundamental function of U.8\) . Then 



xi{t) = Y{t,0), X2{t)= fY{t,T)e-^>'^^^'^dT, X{t,s)= f Y{t,T)e- ^>'^^^'^dT. 



10 



Proof. For the solution of equation (11.11) we have 

x{t) = e-/(^«)'^«i;(0) - f\-Is''^^^''^b{s)x{s)ds 

Jo 

Hence 



Jo 
and 







r(t,r)e"/o^"(^)'^«rf7 



x{0). 



x{t) =Y{t,0)x{0) + 
But for the solution of (11. II) we have another representation: 

x{t) = xi{t)x{0) + X2it)x{0). 

The equalities for the fundamental system of (11.11) are proven. Since X{t, s) = X2{t, s), then 
the proof of the equality for X{t, s) is similar. D 

Corollary 3 // the fundamental function Y(t, s) of i\3. 1\) is positive then the fundamental 
system and the fundamental function of U.l\) are positive. 

Corollary 4 Suppose a{t) > 0, b(t) > 0, and the fundamental function of U.8\) is positive. 
Then 

0< / X{t,s)b{s)ds< 1, (4.1) 

Jto 

where X{t, s) is the fundamental function of U.l\) . 

Proof. The function x{t) = 1 is the solution of (II. 2p with /(t) = b{t). By the solution 
representation formula we have 

1 =xi{t) + / X{t,s)b{s)ds. 

Jto 

Corollary 3 implies Xi{t) > 0,X{t, s) > 0. Hence the inequality (14. ip is valid. □ 

Together with (11.11) consider the following equation 

x{t) + ai{t)x{t) + bi{t)x{t) = 0, (4.2) 

where for ai(t),bi(t) condition (al) holds. 

Corollary 5 Suppose ai{t) > a(t) > 0,b{t) > bi{t) > 0, and equation Ii3.1\) has a positive 
solution. Then the fundamental function and the fundamental system of Iji4-^ '^'^^ positive. 

Proof. If (13. ip has a positive solution, then inequality (13. 7p has a nonnegative solution 
u(t) > 0. This function is a nonnegative solution of inequality (13.70 where a{t) and b(t) are 
replaced by ai{t) and bi{t). Corollary 3 implies this corollary. D 
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Theorem 2 Suppose ai(t) > a{t) > 0,b{t) > bi(t),b{t) > 0. If the fundamental function 
of lis. 1\) is positive, then the fundamental function and the fundamental system of Iji4-^ '^^'^e 
positive. 

Proof. Consider the equation 

(t) + t e- ^>'^^^'%{s)y{s)ds = fit), y{0) = 0, (4.3) 



y 

10 



which can be rewritten in the form 

y{t)+ f\-Is''^^)%{s)y{s)ds 
Jo 





V 
+ i\-I>^iOd^(^b{s)-b,{s))y{s)ds + f{t), y{0) = 0. (4.4) 



/o 
Hence (14.41) is equivalent to the equation 



y(t) = /'V(t, s) r ("e" />(«)''« - e-^>'^^^A b{T)y{T)dT ds (4.5) 

+ /V(t,s) re-S>^(Od^{h{r)-b,{r))y{T)dTds + g{t), 



Jo Jo 

rt ■ 



where g{t)=J^Y{t,.s)fis)ds>0. 

Equation (14.51) has the form y = Hy + g, where iJ is a positive compact Voherra operator 
in the space L[0, T] for every T > 0. Hence the spectral radius r{H) = in the space L[0, T] 
and then for the solution of (14.51) we have y{t) = ((J — T)~^g){t) > 0. The solution of 
the equation (14. 3 p has the form y(t) = /q Fi(t, s)/(s)(is, where Yi{t,s) is the fundamental 
function of the equation 



y{t) + f\-^s'^'^^^''%{s)y{s)ds = 0. 



ft 

/o 

We obtained that for every f{t) > the solution of (14. 3 p is also nonnegative. Hence the 
inequality Y'i(t, s) > holds. Now, let us prove the strict inequality Yi(t, s) > 0. 
The function Yi(t,0) is the solution of the equation 



ft 
/o 
After rewriting (14. 6 P in the form 



y{t)+ f\-ls''^(^^'^^bi{s)y{s)ds = 0, 1/(0) = 1. (4.6) 



m + [ 

Jo 


e-/>«)'^«6(s)y(s)ds 


Jo \ 


-i: 


""(Odi _ g- 


-/>i(?)'^«')5(s)^(s)rfs 


Jo 


/:- 


«)'^«(6(s) 


-bM)yis)ds, y{0) 



(4.7) 
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equation (14. 7p has the form 

m + f e- ^>'^^^'%s)y{s)ds = f{t),y{0) = 1, 
Jo 

where f(t) > 0. Hence 

Y,{t,0) = Y{t,0)+ f'Y{t,s)f{s)ds. 
Jo 

Thenri(t,0) > F(t,0) > 0. 

The general case Yi{t, s) > is considered similarly. Now, Lemma 6 implies the statement 

of the theorem. D 

Remark. The theorem remains true if we replace the zero initial point by any to > 0. 
Denote b~^ = max{6, 0}. 

Corollary 6 Suppose a{t) > and the fundamental function of the equation 

y(t)+ te-^s^^^^''^b+(s)y(s)ds = 
Jo 

is positive. Then the fundamental function and the fundamental system of equation ( li.ij) are 
positive. 

Now let us proceed to explicit sufficient conditions when equation (11.11) has a positive 
solution. 

Theorem 3 Suppose at least one of the following conditions holds 
l)a{t)>Jlb+{s)ds, 

2) there exists A > such that a{t) > \h^{t) + ^, t > to, 

3) a{t) > and there exists A > such that J^ e' Js^''^^^-^'>'^b+{s)ds <X,t> to- 

Then the fundamental function and the fundamental system of U.l\) are positive for 

t>to. 

Proof. It is sufficient to prove the theorem for the case b{t) > 0. 

1) The function u{t) = a(t) is a solution of inequality (13. 7p . 

2) The function u{t) = a(t) — \b(t) is a solution of inequality (13. 7p . 

3) The function u(t) = A is a solution of inequality (13.71) . D 

Corollary 7 Suppose a(t) > and at least one of the following conditions holds 

1) a{t) > a > 0, /o°° b+{s)ds < oo, 

2) a^{t) > AB, where B = limsup6+(t), 

3) inf limsup^ ['e' ^s(''(^^-^')'^^b+{s)ds < 1. 
^>0 i^oo A Jo 

Then there exists to > such that the fundamental function and the fundamental system 

of (EHy are positive for t > to- 

13 



Proof. The proof of 1) and 3) is evident. To prove 2) we assume A = 1/yB. D 

Now let us compare solutions of the same equation with different right hand sides and 
initial conditions, as well as of different equations. 

Theorem 4 Suppose a{t) > 0, b{t) > 0, the fundamental function of 1^3. 1\} is positive. De- 
note by x{t) the solution of the problem 

x{t) + a(t)x{t) + b{t)x{t) = fit), t > to, 

x(to) = xq, x'{to) = x'q, 

by v(t) the solution of the above problem , where f(t), xo,Xq are replaced with fi{t),vo,VQ. If 
f{t) > fi{t),Xo > Vo,x'q > v'q, then x{t) > v{t). 

Proof. By Corollary 1 the fundamental system and the fundamental function of (11.11) are 
positive. The statement of the theorem follows from solution representation formula (ll.4p . 
D 

Theorem 5 Suppose ai(t) > a{t) > 0, b{t) > bi(t) > 0, the fundamental function of Ii3.1\) is 
positive. Denote by Xi(t),X2{t),X{t,s) the fundamental system and the fundamental function 
of U.l\) : by vi{t),V2{t), V{t, s) the fundamental system and the fundamental function of Iji4.2\ ). 
Thenxiit) < fi(t),X2(t) <V2{t),X{t,s) < V{t,s). 

Proof. Denote by Y(t,s) the fundamental function of (11.81) . by Yi{t,s) the fundamental 
function of (13. ip where a{t),b{t) is replaced by ai(t),6i(t), respectively. By Corollary 1 it is 
sufficient to prove that Yi{t., s) > Y{t, s). 

The function Yi(t,0) is the solution of the equation 



ft 
/o 
which can be rewritten equation in the form 



y{t) + f e- ^>^^^^''%{s)y{s)ds = 0, y{0) = 1, (4.^ 



y{t) + f\--^'^'''^^^''^b{s)y{s)ds = /%-/.*"(«)''« (6(s) - bi{s))y{s)ds (4.9) 

Jo Jo 

+ f (e-^s'^^^^'i^ - e-/>i(5)'^«') bi{s)y{s)ds, y{0) = 1. 

By formula (13. 5p for the solution of (14.91) we have 

Fi(t,0)=y(t,0)+ fY{t,s) f e- rr<^)d^{h{T) -b^{T))y{T)dTds 



+ fY{t,s) r (e-S>^Od^-e-r^''^^^^A bi{T)y{r)dTds. 

Since a{t) - ai{t) > 0, b{t) - bi{t) > 0, then Fi(t,0) > F(t,0). The inequality Fi(t,s) > 
Y{t, s) is obtained similarly. D 
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Corollary 8 Suppose 

a{t) = a > 0, h{t) > 6 > 0, a^ - 46 > 0. 

Then the fundamental function X{t, s) of U.l\) is positive and for this function we have the 
following estimation 

/ X(t,s)ds < -. 
Jo b 

Proof. By Theorem 5 we have < X{t,s) < V{t,s), where V{t,s) is the fundamental 
function of equation fl2.5l) . Application of Lemma 2 (parts 1 and 3) completes the proof. D 



5 Stability 

Theorem 6 Suppose a{t) > a > 0,b{t) > /3 > 0. // the fundamental function of U.l\) is 
positive then equation U.l\) is exponentially stable. 

Proof. Consider ( 11. ip with initial conditions x(0) = 0,i:(0) = 0. Suppose / G Loo[0, oo). 
For the solution of this problem we have x{t) = /q X(t, s)f{s)ds. By Corollary 4 

|a;(t)|< f'x{t,s)\f{s)\ds= f X{t,s)b{s)^-{j^ds < ^^ f X{t,s)b{s)ds < ^^, 
Jo Jo b{s) p Jo p 

where || ■ || is the sup-norm in C[0, oo). Then x G C[0, oo). We have 

x{t) = f e-^s''(^')%{s)x{s)ds+ f e-^s''(-^^'^^b{s)f{s)ds, hence x G C[0,oo). By Lemma 3 

Jo Jo 

equation (11. ip is exponentially stable. D 

Corollary 9 Suppose a{t) > a > 0, b{t) > /3 > and at least one of the conditions of 
Corollary 7 holds. Then equation (CUP is exponentially stable. 

Denote 

a = lim inf a{t), (3 = lim inf b{t),B = lini sup b{t) . 

t^OO t^CO J^oQ 

Theorem 7 Suppose < P < B < -o? . Then equation / fi.ip is exponentially stable. 



\o? < Kt) < (^ - i) "'• (5-1) 



Proof. Without loss of generality we can assume that b{t) > (3 for any t > and there 

exists e > such that 

e 

4' 

Consider (II. ip with initial conditions a;(0) = 0,x(0) = 0. Suppose / G Loo[0, oo) and let us 
prove that x G C[0, oo). 

15 



Denote by Xo(t, s) the fundamental function of the equation 

x{t) + a{t)x{t) + -a^x{t) = 0. (5.2) 

By Corollary 7(2), Xo(t,s) > 0,t > s > 0. Equation (11.11) can be rewritten in the form in 
the form 

x{t) + a{t)x{t) + -a^x(t) + (b{t) - -aA x{t) = f{t), (5.3) 

with the initial conditions a;(0) = 0,i;(0) = 0. Equation (15. 3p is equivalent to 

x{t) + f Xo{t, s) (b{s) - -aA x{s)ds = g{t), (5.4) 

where g{t) = Jq Xo(t, s)/(s)(is. By Theorem 6 equation (15.21) is exponentially stable hence 
Xo{t, s) has an exponential estimation. Then g G i^oo[0, C)o). 
Equation (15.41) has the form x + Px = g. Corollary 2 implies 



\iPx){t)\ < / Xoit,s) 



b(s) - -a^ 

^ ' 4 



\x{s)\ ds 



/o 

< / XQ{t,s)-a ^ ds\\x\ 

Jo 4 ^a^ 

supt>o \b{t) - ia^l 

< ~ 1 2 ^ • 



Inequality = — j — < 1 — e is equivalent to (15. ip . Hence ||P|| < 1, where the norm 



4« 



is in C[0, oo). Then x G C[0, oo) for a solution of (15. 4p and therefore for a solution of (II. ip . 
Similar to the proof of Theorem 6 we have x G C[0,oo). By Lemma 3 equation (II. ip is 
exponentially stable. □ 

Example 1. Consider the following equation 

x{t) + ax{t) + (1 + 0.99 sin t)x{t) = 0. (5.5) 

If a > -\/3.98 then by Theorem 7 equation (15. 5p is exponentially stable. 

In all previous results we obtain stability conditions for equations with a positive funda- 
mental function and for "small" perturbations of such equations. Below we will give stability 
conditions for equations without any positiveness assumptions. 

Theorem 8 Suppose a{t) > a > 0, b{t) > and there exist A > 0,B > such that the 
following condition holds 



\a{t) -A\ 



^ \m - B\\ < i^ f^^^^ A2<45,' ^^-^^ 

where \\ ■ \\ is the norm in the space Loo[to,oo) for some to > 0. Then equation U.l\) is 
exponentially stable. 
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Proof. Without loss of generality we can assume to = 0. Consider equation (11. ip with 
the initial conditions x(0) = 0,i;(0) = 0. Suppose / G Loo[0, oo). Let us prove that 
x,x E C[0, oo). To this end, rewrite equation fll.ll) in the form 

x{t) + Ax{t) + Bx{t) + (a(t) - A)x{t) + (6(t) - B)x{t) = f{t), x(0) = x(0) = 0. (5.7) 

Hence 

(5.8) 



(5.9) 



x(t) + / Y{t, s) \{a{s) - A)x{s) + {b{s) - B)x{s)] ds = /i(t), 

JO 

where Y{t, s) is the fundamental function of 

x{t) + Ax{t) + Bx{t) = 0, 

/i(t) = /q y(t, s)/(s)(is. Equation (15. 9p is exponentially stable thus /i G Loo[0, oo). 
Equation (11.11) can be rewritten in a different form 



x{t) + f\-^s''^Od^b{s)x{s)ds = r(t), 



t > 0, 



(5.10) 



where r{t) = /q e"J= ^'^^'''^f{s)ds. Since a{t) > a > 0, then r G Loo[0,oo). Substituting x{t) 
from (I5.10p to (15. 8p we have 



x(t)- / Y{t,s) 



(a(s) - A) /' e" r ''«)'^«6(r)a;(r)rfr - (6(s) - B)x{s) 



ds = h{t), (5.11) 



where ^(t) = /i(t) + /o r(t, s)r{s)ds. Evidently /s G Loo[0, oo). 
Equation (15. lip has the form x — Hx = /2, where 



||(^x)(t)|| < /V(t,s) |a(s)-A| re-/>«)'^«a(r)^(ir+|6(s)-5 



ds \\x\ 



< Kl\\a{t)-A 
where by Lemma 2 the constant K is 



+ \\b{t)-B\\] \\x\ 



t>0 JO 



K = snp I \Y{t,s)\ds= \ ^' 



AViB-A'^ ■ 



A^ > 45, 
A^ < AB. 



Then ||iJ|| < 1, hence x G C[0, oo) for the solution x of (15. lip and therefore of (II. ip . As in 
the proof of Theorem 7, a; G C[0, oo). By Lemma 3 equation (II. ip is exponentially stable. 
D 



Corollary 10 Suppose there exist a > 0, 5 > such that 

^ ayjAB - a2 ^^ ^ 

B <m< M < B + 

4 
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a^jAB - a? 



(5.12) 



where m = liininf 6(t) > 0, M = liinsup6(t). Then the equation 



i— »oo 



i— >oo 



x{t) + ax{t) + h{t)x{t) = (5.13) 

is exponentially stable. 

Proof follows from the second inequality (14. 5 p if we let A = a. D 

Application of the first inequality (14.51) to equation (15.131) gives the same stability condi- 
tions which were obtained by application of Theorem 7. 
Example 2. Consider the equation 

x{t) + (10 + a{t) smt)x{t) + (26 + f3{t) cost)x(t) = 0, (5.14) 

where a(t),P(t) are measurable functions, such that \a{t)\ < 1, |/3(t)| < 1. 

If we take A = 10,B = 26, then all condition of Theorem 8 hold. Then equation (15.141) 
is exponentially stable. 

We will obtain new stability conditions using the derivative of the fundamental function 
of comparison equations. 

Theorem 9 Suppose ait) > a > 0, b{t) > and there exist a > 0,b > such that at least 
one of the following conditions holds: 

> 9 ., „ / X „2(a + a/46- a^) „,,, ,„ 4 

2) a' < 4b, \\a{t) - a\\ ^ Z- ^ + \\b{t) - b\\ < 1. 

av 4o — a av 4o — a^ 

3)a' = Ab, ||a(t)-a||-^ + ||6(t)-6||^<l, 

where \\ ■ \\ is the norm in the space Loo[to,oo) for some to > 0. Then equation ( fi.il) is 
exponentially stable. 

Proof. Without loss of generality we can assume to = 0. Suppose x(t) is a solution of (11.11) 
with initial conditions x(0) = x'(0) = 0. Denote z{t) = x(t) + ax(t) + bx(t), Y{t, s) is the 
fundamental function of the equation x{t) + ax{t) + bx(t) = 0. Then 

x{t) = [ Y{t,s)z{s)ds, x{t) = [ Yt{t,s)z{s)ds. (5.15) 

JO Jo 

Equation (11.11) is equivalent to the equation 

x{t) + ax{t) + b(t)x{t) + (a(t) - a)x(t) + (b{t) - b)x{t) = f{t). (5.16) 

After substituting z{t) and (15.151) into (15.161) we have the following equation 

z{t) + (a(t) -a) f Y^{t, s)z{s)ds + {b{t) -b) f Y{t, s)z{s)ds = f{t). (5.17) 

Jo Jo 
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Equation (15.171) has the form z + Hz = f. For the norm of the operator H in the space 

Loo[0, oo) we have 



l^ll < \\a{t) -a\ 



\Y;{t,s)\ds 



+ \\m-b\\ 



\Y{t,s)\ds 



By Lemma 2 conditions l)-3) of the theorem imply \\H\\ < 1. Hence for the solution of (15.171) 
we have z G -^oo[0, cxd). Equation x(t) + ax{t) + hx{t) = is exponentially stable. Equalities 
(I5.15P imply that the solution of (11.11) and its derivative are bounded functions. Then by 
Lemma 3 equation (11.11) is exponentially stable. D 



Example 3. Consider the following equation 



x{t) + x{t) + (6 + sint)x(t) = 0. 



(5.18) 



If 6 > 4.25 then by Theorem 9(2) (a = 1, 6 is the same as in the equation) equation (15.181) 
is exponentially stable. Theorem 8 gives the same result, if we take a = 1,B = b. Theorem 
7 does not give any stability condition for this equation. 



6 Zones of Lyapunov's Stability 

In the following, let us assume that a{t) is an absolutely continuous function. 
It is known that the substitution 

x(t) = z{t) exp <^ — / a{s)ds 
I 2 Jo 

transforms the homogeneous equation 

£x{t) = x{t) + a{t)x{t) + b{t)x{t) =0, te [0, oo) 
into the equation 



(6.1) 

(6.2) 
(6.3) 

(6.4) 
4 2 ^ ^ 

Obviously coefficient p{t) can be presented as p{t) = p^{t) —p~{t), where p'^{t) > and 
p-{t) > 0. 

Consider now equation (16. 2p with an tu-periodic coefficients a(t) and b(t). 

It is known from the works of the well known mathematicians Zhukovskii [40] , Krein [26] 
and Yakubovich [5B] that there is a deep connection between the problem of the Lyapunov's 
stability and the nonoscillation intervals. We propose the following statement. 



where 



z{t)+p{t)z{t) =0, t e [0,oo) 

Pit) = bit) -""'^'^ "'(') 
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Theorem 10 Assume that a{t + u) = a{t), b{t + u) = b(t) for t G [0, oo) and 

'p{t)dt>0, (6.5) 



where p{t) is defined in ^6.4\) , and at least one of the following three conditions holds: 

1) ait) > J^b+{s)ds for t E [0,iu]; 

2) a{t) > and there exists A > such that /o exp | — /^*(a(,^) — X)d^\b^{s)ds < X for 
te[0,Lu]; 

3)J,-p^t)dt<^. 

Then all solutions of homogeneous equation Ii6.2^) tend to zero when t —>■ cxo, if J^ a{t)dt > 
0, and all solutions are bounded if J^ a{t)dt = 0. 

Proof. It is known [27] that if [0,uj] is a nonosciUation interval for (16. 2p . where u is the 
period of the coefficient p{t), then condition (16. 5p garantees that aU solutions of equation 
(16. 2p are bounded. Each of the conditions l)-3) yields that [0,ci;] is a nonosciUation interval. 
The conditions on the integral of the function a{t) and reference to the substitution (16. ip 
completes the proof. D 



7 Floquet Theory and Stability 

Consider now the equation 

£x{t) = x{t) + a{t)x{t) + b{t)x{t) = 0, t G [0, cx)), (7.1) 

with a;-periodic coefficients a{t + oj) = a{t), b{t + uj) = b{t). For this equation there exist 
solutions satisfying the condition 

x{t + uj) = \x{t). (7.2) 

The foundations and applications of the Floquet theory were presented in the book 
by Yakubovich and Starzhinskii [39]. Using the Floquet theory for ordinary differential 
equations write the equation for A: 

\^ -{xi{uj)+x'^{uj))\ + W{uj) = Q, (7.3) 

where Xi and X2 are two solutions of the equation (17. ID such that Xi(0) = 1, x'^(O) = 0, 
0:2(0) = 0, ^'2(0) = 1. Denote by 

the Wronskian of the fundamental system of (17. ip . Obviously W{0) = 1. 
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If Ai is a real root of equation (17. 2p . then the corresponding solution of equation (17.11) 
has the representation 

y(t) = ^(t)exp('i^tV (7.4) 

where g is cj-periodic if Ai > and is 2ti;-periodic function if Ai < 0. If equation (17.31) has two 
complex roots Ai = |Ai| exp(i6') and A2 = |Ai| exp(— z6'), then the corresponding solutions of 
equation (17. ip have the form 

( r ^ dt , , . Ot\ /inlAil \ ,„,, 

yi{t) = gi{t) cos 5-2 (t) sm — exp 1 , (7.5) 

\^ (jj uj J \ 00 J 

( ^ ^ Gt / N . ^A /inlAil \ ,„^, 

y2[t) = g2[t) cos — + gi[t) sm — exp 1 , (7.6) 

\ UO 00 J \ CO J 

where gi and 5^2 are tu-periodic functions. 

Theorem 11 Assume that equation ( [7. i[ ) is oscillatory and the distance between zeros of its 
solutions is different from 2uj. Then the following statements are valid, 
a) Equation ( [7. i| ) is exponentially stable if 



a{t)dt > 0. (7.7) 

b) The fundamental solutions of equation ( [7. i[ j are of the form ( [7.//[ j, where |Ai| > 1 if 

ra{t)dt<0. (7.8) 
Jo 

c) If 

'"^a{t)dt = (7.9) 







then the fundamental solutions of equation {77]) are bounded. 

Proof. It follows from the classical formula of Ostrogradskii that condition (17.71) implies the 
inequahty W{uj) < 1, condition (17.81) implies the inequality W{u) > 1, and condition (17.91) 
implies that W{uj) = 1. The condition that the distance between zeros of solutions of (17.11) 
is different from 2uj excludes the existence of real roots of equation (17.31) . In this case the 
inequality W{u) < 1 implies that |Ai| < 1, the equality W{u) = 1 implies that |Ai| = 1, 
and the inequality W{uj) > 1 implies that |Ai| > 1. Now the representation of solutions 
(17. 5p . (17.60 completes the proof. D 

Remark. The condition that the distance between zeros are different from 2ui is essential 
as the following example demonstrates. 
Example 4. Consider the equation 

„ ,, „, , 2 sin^ t + cos t sin t ,, , sin^ t — cos t sin t ,, r s /_ n 

£x(t) = x"(t) + x'(t) + x(t) = 0, te 0, 00 . 7.10 

^^ ^^ 1 + costsint ^^ 1 + costsint ^^ ^ ^ ^ ^ 
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Inequality ([72D for the coefficient a(t) = '^"f+l'^.TsinT^ ^^ fuffilled with u = n, but this 
equation is not exponentially stable: its fundamental system is Xi = e~* cos t and X2 = sin t. 

Using the substitution fl6.ll) . we again obtain the equation 

z"{t) + pit)z{t) = 0, t G [0, 00), (7.11) 

where 

Pit) = b{t) - ^ - ^, (7.12) 

Evidently zeros of the solution x of equation (17. ip and the corresponding solution z of the 
equation (16. 3p coinside. Let us denote 

P = ess inf pit), Q = ess sup p{t). (7-13) 

*G[0,a;] te[0,cj] 

Estimating distances between two adjacent zeros (i.e. nonoscillation intervals) from below 
and from above we get the following result. 



Theorem 12 Suppose P > 0, there exists a positive integer k such that —^ < J ^ 



and 



wG 0, 



2v^ 



/Itt 7r\ f k — 1 n kn \ 



Then equation (7.1) is oscillatory and distance between zeros of its solutions is different from 

2uj. 

Proof. If equation (17. 3p has real roots, then there exist such zeros to,ti of a solution x{t) 
that the distance between to and ti equals u or 2u. We will reject this possibility, since the 
distance between zeros of g{t) in (17.41) cannot be 2u;. 

Assume that x(to) = 0. We use the functions v = sin ^/Qit — to) in the ffist assertion 

of Theorem A to get that the spectral radius of the operator -ft'to.toH ^^ • C[tgfy^ n—] -^ 

C[tg^to-\ 2^] defined by the equality 

K,,,,+_^xit) = - f"^^ Gt,,,+^{t,s)p{s)x{s)ds. (7.15) 

where <^t^_f^ | ^ (t. s) is the Green's function of the problem 

x"{t) + a{t)x'{t) + h{t)x{t) = fit), t G [0, uj],x{to) = 0, x (to + ^ j = 0, (7.16) 

is less than one. 
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Applying Theorem 5.4 in [25], p. 81, we obtain that the spectral radius of the operator 

Kt„to+^ ■ Cit,,to+^] -^ C[to,to+_^], defined by the equahty 



Kt,,to+^x{t) = - J^ ' '' Gt,,to+^{t,s)p{s)x{s)ds. (7.17) 



'•to + TTT 
'to 

where Gto,to-\ 2_(t, s) is the Green's function of the problem 



x"{t) + a{t)x'{t) + b{t)x{t) = fit), te [0,uj],x{to) =0, X (to + ^^j =0, (7.18) 

is greater or equal to one. Moving the point to we obtain that there are no zeros in the zones 
defined by (Tm]) . D 
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